ORNL/TM-11850 DivisionMathematicsSectionSciencesTREESCLIQUEBlairS.y R.JeaneytonPz W.Barryy MINIMUM-DIAMETERFINDINGScienceComputerennesseeT37996-1301TNz xville,KnoSectionSciencesoratoryLab6012Bldg.37831-6367TN1991Sci-Mathematicalh,Researc.theyoratoryLab37831ennesseeybInc.Systems,theforGYENERtsten1 Conduction tro: In: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 1 2 kground bac: trees:Clique: : : : : : : : : : : : : : : : : : : : : : : : : : : : : 2 2.1 trees clique: ofDe�nition: : : : : : : : : : : : : : : : : : : : : : : : : : 3 2.2 haracterization c: treespanning: umMaxim: : : : : : : : : : : : : : : : 3 2.3 separators graph: andedges: treeClique: : : : : : : : : : : : : : : : : 4 3 cliques Leaf: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 6 3.1 cliques leaf: ofharacterization: cA: : : : : : : : : : : : : : : : : : : : 6 3.2 sets leaf: ycardinalit: umMaxim: : : : : : : : : : : : : : : : : : : : : : 8 4 algorithm tree: cliqueum-diameter: minimA: : : : : : : : : : : : : : : : : : 9 4.1 algorithm tree: cliqueottom-up: bA: : : : : : : : : : : : : : : : : : : 10 4.2 algorithm the: insets: leafy: cardinalitum: maximorating: Incorp: 12 4.3 algorithm new: thein: minimizationDiameter: : : : : : : : : : : : : 15 5 tation implemen: timelinear: A: : : : : : : : : : : : : : : : : : : : : : : : : 17 5.1 set leaf: ycardinalit: ummaxim: aof: Selection: : : : : : : : : : : : 18 5.2 details tation: Implemen: : : : : : : : : : : : : : : : : : : : : : : : : : : 20 5.2.1 graph hordal: cthe: oftation: Represen: : : : : : : : : : : : : 20 5.2.2 op lo: whilethe: ofiteration: oneof: tationimplemen22 Correct5.2.3 op lo: whilethe: ofiteration: heac: eginb: todata: Correct25 5.3 y Complexit: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 25 6 remarks Concluding: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 26 7 References : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 28 A Notation : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 31 TREESCLIQUEBlairS.eytonPAbstract W.Barrytreecliquedistinctydesirablemostist)aint.en-umgreedynaturaloten-pwledge-basedknoequations.ofords. w-umtree.diameterons. classi�cati68Q25.65F50,1. ductiontrosys-t1[11,30,3[19,22,sym-sparse15[23,25,26,28,A ].e eoftationgraph,thecom-the22[23,30,athanmore14[17,evonen-exptheoreticalawhotext.conques-wingfor inputlel alariousv(or,diametert)heigh1 umminimcasethetermt)owstudyunderconcludingthesection. inearsConsidersimple.tree aT of tesolvtilundegreeoftincidenof tT heigh theis anddes,des.noanistcurrensetlargeno withpriori ahwhiclinkresultsa vingmaximum ha ofdistancestheorksw.correctlyrelated1 -215[25,um-minimtedpresen15[isalgorithmjectob15[jormathatdemonstrates15[tlyconsequentree.cliquemainourmaterial,theossible.pbroadatialessenthiswithastainededpublishliterature. theinandterminologyofharacterizationTheossible.23[] al.etahas23[], frommaterialtationimplemen23[linearthe6.Section2. infoundkgroundbacas-eGolom-example,16[informalofer.papwing.follo1. thetotreecliqueisgraphtext.con2. ybolbts: represenT it whatrees, forK and sym-32.1. -treescliqueLet of De�nitionG (E ;hordalc2 aeand graphK b)G V== f K 1 K;2 ; ..K;m .g tainingconcliquesmaximal3 thesetof the eG bgraph theG er, papebde�nitionsallhordalct.apparenineared1[6,12,16,28,resultsthoseto graphses etrees).joinhwhicof.proTheore 31[13[], vril une 4[] . ra G (E ;) V s c r a a t r T (K =G ; ) t s r rt : r r V s t c ta c tr T . graph hordalG clet G trees allT of set(K =theG denote; that)of G a ase etheofgraph hordalG c. underlyingtr2.2. cliqueMa i u s annin ation graph hordalG c ha isws.follocliques ofK settheG isgraphdistinctocliques Tw .K tersection inand clique theK ofset0 denoer,vedge hf sucK;0 Khg eac moreoy K K 0 . 2[14,trees G graphtersectionwith ciatedG assoclosely2.2,14[neede2.1.TheoremCorollar 1. tr T (K =G ; ) tr G a r r a r st s K;0 KK G t rs ct K K 0 ta r c t at c ct K a K 0 t tr . r . thethatree. ra is l trian ulated ri i len th a i.e. t cycle.Throu this a l al a a i l l only on a i s usion y l l a l o . -4Theore 2[] . tr T (K =G ; ) tr G a t a a a tr t c t rs ct ra G . r . assume First,T cliques oK w tand ose hoK cand0 treecliqueconnectednotin edgeT an yedge thef addingK;0 Kyg b formedto cycle theT Consider .By.than K K 0 isItheof29[71{72]).pp.that oseT suppw,m ter-inof graphG sectionLet .T cliqueinedgeswith commonT oferm edgeanf isK therethat1 tradictionconK;2 ofoseg purp theof for AssumeT .m of edgeT anLet .T 1 (K =1 ; 1 and )T 2 (K =2 ; 2 ebof subtreesT owm edge thef vingK remoy1 bobtainedK;2 g from T m Note.that f K 1 ; K 2 g partitions K G a isset cutedgesofin tK oinend-p1 onewiththeandin otherK graphterection2 incliquetainingconw,No(in cycleT theedge thef addingK yb1 obtained)K;2 g to T fromselectin cycleT thisedges thef ofK one3 Kg = f K 1 K;2 g set.cuthat Notef theK toelongs3 bthatKg of edgeT anof edgeT annotm Since .T aisthat 1K Corollaryfrom1 wsK 2 K 3 K if er,K evw1 HoK 2 of subsetK erprop3 aK replacing thenf ,K 1 K;2 g in T m with f K 3 Kg ouldwof yT maximalitthem .tHence, eigh wK s1 K 2 = K 3 K replacing yf bK obtainedtree3 theConsiderKg in T edge thef withK 1 K;2 g treeresultingof treeG cliqueervwith commonT inedgem y bT ossessedtheus, tlyT Consequenseek.m = T holds. 2.3. ra arators separator V des and fromalG v remoh and noIfof then a emi imal ator. arsepgraph aG that statesminimal - of subgraphG complete a6[16,28,tree cliqueT y an(K =orG F].; is ) G the considermultiset y:= f K K 0 f K;0 Kg g : -518[minimal - separator of G , atainsof with aryT v notheacof a asatoroftrees cliqueT all G resultthe18[]. inofTheore 18[] . t s t s arat rs sa r r c tr T G . r . treescliqueT;0 TG h = trees cliqueT theamong0 romG h= ose hoT c,0 with ossibleT p as(Note.that edges yT man asand shares itT thatso0 sametheLet separators.)f ofK ultisetm1 shareouldK;2 walsog they thenof edgeT an eto elongT bnot0 esdo. thatbedge thef addingK yb1 obtainedcycleK;2 theConsiderg for set,to edge sameT theshare0 cannotaneedge b ustf mK There.3 Kg in tainedT conis0 thatcyclein notT but theand1that wsK folloit3 2.2K = K 1 K 2 replacing 2.2,f TheoremK By.3 Kg in T 0 with f K 1 K;2 g isseparatorsof thatT assame0 theofwith edgeT more onetraryconout abT assumptionour0 to,ws. let G the denoteators arcliquehin G des V the ,tai i ybK denoted( ) ybK en( ) := f K K G K g : (Usually from G eryevseparator that G (i.e., K ( ) 2). clique yK an orthe ,ators elo i to K y ( K ) engivy( K ) := f G K g : that ( K ) tains cono ultiset G tainedconin is thatK set( K ) from ( K ) ectrespof ( K ) ords,( K ) y( K ) := f ( K ) separator0 ( K ) g : ersbof mem( K ) on tK inciden edges. treetheLe 1.t K K G a T G . r r s arat r ( K ) t r atast f K;0 Kg T r c K K 0 = . -r . separator ( K ) ose K ( ) f K g . theConsiderpath K = K 1 K;2 ; ..K= from K to in T thatK 1 hence K K 2 of theamongin ( K ) e vK ha K 2 = result. . ea cliques tree cliqueT y G let ( K G of esT vleaof ersK bmemG the(i.e,in oneT degree withlet G the ,G tree cliqueT one G requiresalgorithmset G haracterizationcof simple G computing G With G in leafofcliques set m G that m = tree cliqueT one G and,er tree cliqueT eryev0 forG tainsconthese ofar i alit sets m G te�ciencomputing m 5.1.Section3.1. inlatercliquesleafin G ofoftree cliqueT eci�csp0 theandtortan2Lemmat.su�cienLe 2.( K ) 1K a a s c tr T 0 G . r . Let of( K ) that oseK supp andis , ot of leafT a G ose K ( ) f K g that 0 where 0 to tK adjacen cliquefrom pathK the onto the in T ossibly 0 = ). clique 1 = 0 to tK adjacen alsoin is thatT existustsince m cliqueK a hin leafT a not1, 1 1 K since is of( K ) e 1 K that 1 K = 1 , edges thef 1 K ;g and f 1 ; g 2.2Theoremfrom obtainedT tree theedge thef 1 K ;g edgethef 1 ; g clique = 0 tadjacento K in T tree cliqueT newa0 obtaineh whicK in wandThrou this a is . -T : K 0 1 2 T 0 : K 0 1 2 of tionT ransforma Tto inT 3.1:Figure0 h whicK in ofpro2.of. tree cliqueT the transformedh whicK (in that)leaftree cliqueT theto0 inah whicK (in notofs.protree cliqueT a area,clique leafK eration G clique = K h( K ) = f K g . When to tK adjacen notin is T ofcliqueclique 0 to tK adjacen in pathT the onconnecting K and . Since K 0 = K , 0 of tortaninusedofs, to tK adjacen e. bnotin G . Le 3.aK G a ( K ) 1. =r . osehoK c G let andT G h whicK in treeLet 0 singletheto tK adjacen cliquein e bT Since .K 0 edgeanon tK inciden within ciated assoT separator onlythat 1K Lemma 0 of( K ) . anis-8one onlymaximal has itcanitree.clique3.2. ainMa i u car inalit setsleafof G es tree cliqueT one G tionattensets .ysets h tree cliqueT eryev0 forG . that3clique leafK h G separator G isthatin tainedK con separatorsLet( G ) ataining,( G ) := f G ( K ) = f g someforK G g : ery evator ( G ) let ( ) of G y( ) := f K G ( K ) = f gg : , ( ) leaftheseparator around that ( ) ofsetain separators ; 0 ( G ) where 0 yanclique , K ( 0 ) separators and 0 ewthat eK observ ( ) though enK ev K ( ) preciselytosetscohortf ( ) ( G ) g of G . Le 4.ss K G 3 . a a s arat r ( G ) r tr T G r c ( ) a ( ) K ( ) . ., K ( ) ( ) = . r . separator ( G ) that ( ) somefortree cliqueT G that 1K Corollary( ) of subtreeT a inducesSinceK G and K ( ) 2, K ( ) clique of T (i.e., K ( ) ). Since ( ) e K ( ) ( ) of.proassume erseK v( ) ( ) = let K ( ) ( ) Let.T G clique aK exists ( ) ofofedge hf K ;g on tK n incide(except f ; 0 g edge ondingf ; g tree cliqueT aobtain0 toh whicK in -9in ( ) transforms T cliqueatree to inT 0 h ( ) result. Le 5.ss K G 3 . r r T 0 G a T t r rt s: . r ( G ) , ( ) K ( ) ( ) . . r ( G ) , ( ) = K ( ) c ta t t c s ( ) . r . if ( ) = K ( ) eryevtree cliqueT for G of ( ) from thatws2.andtree cliqueT some G someforseparator ( G ) h ( ) K ( ) clique aK e ( ) that of leafT a notSince K G and K ( ) cliqueK ( ) edgehf K ;g on tK n incide(except f ; 0 g edge ondingf ; g obtaintotree cliqueT a0 h whicK in that in cliqueT onlythe0 ismorewithin hadT it thanSince in leafT a notof esT v leaesvin lea remainT alland0 isthat wsT folloit0 ,than leafT more oneyanes.v2ytree cliqueT some G Then ( ) separator( G ) h ( ) = K ( ) that ( ) 0.=in ( ) of esT v leaLet .K not areand that ebinfoundof. sets m separator( G ) from ( ) in m butallfrom ( ) in m aofof ( ) from m taining are in ( ) (i.e., K ( ) = ( ) ). . ini u dia sectionpreviousfromtrees-10ageneratetree.cliquedes,noA ws.simplicial follo o e in G setadjacencyin subgraphG completehasgraph6[reducede6[12,16,28,orderThea asatio or eri . onepreciselyinuseful21[23,isit8[15,30,]. inar i alit c 30[erfectpalgorithmthiscliques ofK settheG generatealsoedges tree cliqueT a G 3[26,30,3[cliquea27[treespanningof graphG tersectionerevfromgeneratedustmtuallyenis ot o i a a e c. treecliquehordalcewheactreecliquediameter.um4.1. minimhasA also otto -u orith needeclique hK eac K G parameter( K in tainedK con desparameterneededis Another ( K in( K ) atainsfor ( K parameters ( K and( K haracterize G . Le a . r K K G , ( K max=f ) K K 0 allforK 0 K G f K gg: -r . Let K;0 KK G tree cliqueT y G evK ha K 0 separator ( K ) of ( K that( K ) K K 0 exists thereK thater00 vK G f K g that( K = K K 00 result. Le a . K G a ( K ) ( K = K . r . ose SuppK G let in( K ) 3).Lemmathat( K ) = f g e vK ha K 0 cliqueeryK evfor0 K G f K g de K theofe ( K ) K since K ( ) in is Therefore ( K = K with ( K = .yose ( K ) ( K = K ose ( K ) that= ( K Since ( K = K ( K in eryevin deK no itclique,in G ,( K ) = f g 3,LemmaK y G . clique leafK y G owsets ttoK in partitioned= e ( K ) ( K ) ; where ( K tains ( K and ( K the ( K desnowith ciatedK asso separator. leaftheelimi-eor FK graph. G , G ( K thedenotesin ( K edgestfrom inciden theirG andords, wG other ( K of subgraphG the isy bV induced ( K ). Since ( K of desK no thein remainingG tains ( K tainedconclique maximalK otherone0 leastatof in isG ), K from earsG disapp ( K aasy bK ed"\absorb0 aseddesnoof the ( K of cliqueG maximalof cliquesG maximalotherin hangedG unc ( K us, ThG ). ( K graphhordaly bK engivG isf K g . up,ottomgeneratesalgorithmtifyiden(e.g., ( K algorithm).theLe 8.a r t r . rat tr . r . in algorithmthetree aT of set-01 02 G 03 hile K 2 o ose ChoK 04 ose K f K g h ( K ) 06 f ; g 07 ( K ) 08 en hile tree.that T graph.thelet step,G induction thewith 2 graphhordalthan Let cliques.K and theandthat sof algorithm,; g to hosen, cK are edgesofleafT a necessarilyLet .T isthe0 ya= w theT rom f K g , ClearlyT .0 theofapplyingasgraph theG to ( K Itstep.that othesisT yph0 inductionthegraphhordalG c ( K in holdsT 1 CorollaryfromenK takcliquesG off K g clique eryK evfor0 thatK G f K g the,tersection inK K 0 connecting pathK the onand clique eryK evin0 tainedconin isT if trueK acuouslyv0 ist= statemen assume eK wus0 th= Since .K G and G ( K ) evK ha K 0 G ( K ) K 0 K 0 : othesis, K 0 paththeconnecting on with K 0 result. 4.2. Incor oratin a i u car inalit orith inalgorithmaselectsset m inneranof m -13clique aK of m anycauses o e cliques natedK unelimithe0 ofm ecomeblet issue,T this G and K and,graph reducedG theconsider0 = G G ( K tree theT and)0 = T f K g wingfolloof ertiesG propthe0 tainsconand lemma simpleT The.0 andissueisyhere.)itLe a . t T G a K c s r T 0 = T f K g a G 0 = G G ( K ) . r rt s r G , T , G 0 a T 0 : . T 0 G . . f K g G . . r K 0 f K g , G ( K 0 = G ( K 0 ) a G ( K 0 = G ( K 0 ) . . G = G f G ( K ) g . r . Let K 0 K;00 K G = K G f K g of de�nitionT the romand F .T 0 wsfolloconnecting pathK thethat0 it,and K 00 in T 0 pairthein connecting oneT the toto (appliedT 1 G e vT hae0 wG leafyin an f K g in leafT aremains0 us f K g G . ose ChoK 0 f K g let andf K 0 K;00 g on tK incidenedge0 singlethein e bT . Since f K 0 K;00 g on tK incidenedge0 singlethein also isT 0 1Lemmathat from wsK folloit0 ,K 00 = G ( K 0 = G ( K 0 since K 0 andhangedK uncis0 e G ( K 0 = G ( K 0 yert(i.e., prop G = G f G ( K ) g theandultisets. 4.2.Figurethe hile op), theisleafyset cardinalit m in m atoneorder.arbitraryLet some inT time G h set m G forhosenthe rst the hile to 9T Lemma Applyingewremarks.wingRe ar 1. t" K m leaf hK eac m h eacK or m clique totK adjacen -01 m 02 G ; 0 G 03 hile K 3 o set m 05 for K m o ose K m tains ( K ) 07 m m f ; g 08 0 0 ( K ) 09 en for 10 0 11 en hile 12 if K 2 o 13 m m f ; g where f ; g = K . 14 en if tree.Re ar 2. incliqueof m graph,reducediterations.tRe ar 3. that ( K = ( K and ( K =( K clique leafK h m ords,win m thethroughtheythatofariancealgorithm.thethatediameter.umLe 10.a r t r . rat tr T r c = m G a car a t a s t at t rst a t a r t . r . newtheaistree theT 8setm G -15to m on tK inciden edgeh eacK for m . clique hK eac m addededgeson tK inciden ein m is in cliqueT oneus m Since m ummaximset, = m of. 4.3. Dia eter ini i al orith tree cliqueT y G cliques ofK;0 KK G let ( K;0 Ktheefrom distanceK b )to K 0 in pairT the connectingofdiameterT The .y ( T max:=f ( K;0 K) g where ,K and K 0 distincteryfrom enK takcliquesG ofpairof rangeK the limitand to su�cesK itcourse,0 Of.from algorithmthetree cliqueT a�ndsm minimizes ( T cliquealltrees er vT o G t.heighwhen = 0 (see2originaltheset m aexiststree cliqueT um-diameterminimm G h = m theht.argumenLe 11.ss K G 3 . t K ( ) a s s K s a a t c tr T G . t a r K T s c t at K = . t r tr T 0 G r c t r rt s : . K a a T 0 . . s r c t T a T 0 at ac f K ;g c t K T , t t c t f K ;g , as r ac t t f ; g T 0 . . ( T 0 ) ( T ) . r . or of K in T h whicK for = = ( K tree cliqueT restructuredthe0 considerwwhen = 0 owfor holdT erties propand t �rstT theThat0 4.3).Figureerifyvin longerT arelengths0 whosepathsthan onlythein areT they thatconnecting thoseK are notede noK someto0 �rst,subtrees.edconnecting pathK the er,and v MoreoK vmo0 theofthethanconnecting pathK longerno0 istreeand restructured makingthatof orsK b neigh(except the of diameter. -T : K 1 K 0 2 3 T 0 : K 1 K 0 2 3 of ionT ransformat Tto inT 4.3:Figure0 h whicK in h ( T 0 ) ( T 11.Le 12.ss K G 3 a t T G a c tr r c T 0 G . t r a a t tr T m G s c t at = . r . Let T G cliqueum-diametertree minim aT oseChom G h to that = Since , clique leafK a thatoseK supp ( ) Since K G and K ( ) clique oneK leastat0 2,K ( ) is ot leafain T . of subtreeT theconsiderm y bK induced( ) Let K ( ) cliquetheto tK adjacen efrom pathK the alongto b K 0 of subtreeT theinm y bK induced( ) ossibly = K 0 if = K 0 then of leafT a notif = K 0 , then of leafT anotm that that cliquesT leaftheand of oneT notism restructure toT 11Lemmam 4.3)Figureclique leafK more onein withbutwith commonT diameter, umy bT ossessedpm assumptionourout abT totrarym of. es from T denotedisy bT let ( sets ( K where)K -17Theore 4.1. a r t r . rat tr a t r. r . ofproon = K G baseThesteps . and Let trivial.G are 2with andcliqueswithgraphLet cliques.T eralgorithm.the10, set m G forhosentheinin G ( ). , ClearlyT algorithm.thealgorithmthegraph theG to G ( fromwsthat othesisT ypa ismi imum iameter theofgraph hordalG c G ( ). tree cliqueT um-diameterminimm G that= us, ThT .and T m of treesG clique G ( that( T ) ( T m ) : er treeawrite( T ) = ( T ) 2 ( T m ) 2 = ( T m ) ; result. . le ationtourofan ( V E Thetation).from tarianand 20[23,25,descriptionaand -18the ofelimi atio e25[ow23[25,23[te�cientheirinum-minimreaderthe23[algorithms.um-diameterminimmax-aset m ducestroitthatdemonstrates5.3algorithm.new5.1. theofa a i u car setleafset m 4line(Computing calculatem in o01 0 02 m 03 for K o 04 if ( K = ( K ) o 05 m m f K g 06 0 0 ( K ) 07 en if 08 en for set.test K in m noeenparameter ( K es ( K = ( K ofremainderummaximset m ifis and ini i t notini i tree.in di a deal ro that this a er. a le their sets arators and . notelsois one . -19if ( K = ( K 5.1Figurecorrect. inalgorithmLe 13.t ( ) a c s K ( ) . K s r c ss t a r t r . , ( K = ( K ) a K ( ) 2 . r . Let K ( ) cessesproK that algorithmde�nition, ( K = If K ( ) 6, ( K ) . Since K K that ( K ) ( K = us,( K = ( K ). if ( K = ( K then K K 0 = clique someK for0 K f K g that( K ) = f g e vK ha K 00 eryevclique for K 00 K f K g , tlyK Consequen K 0 = therefore andK;0 KK ( ) , result. Theore 5.1. a r t r . c t a a car a t a s t m . r . of sets,= f ( ) ( ) g : y m when ( ) K ( ) in ( ) in m when ( ) = K ( ) in ( ) from m anconsiderset ( ) = f K 1 K;2 ; ..Kg inlistedcohortleafearingbt.)argumenthat K ( ) cesses proK algorithm1 1. 13, ( K = ( K and ),K in m considerwincludes algorithmK thein m consider.toose ( ) = K ( ) that wsK follo( ) = f K g algorithmtheexamines �nallyK when13, ( K ) = ( K therefore andK ),is ot desired.asose ( ) K ( ) First,cases.assume sub oK w( ) case, K ( ) examines algorithmK the, 13, LemmaK yassume w,K No( ) Let .K 0 that soK hosenc0 eK ( ) ( ) that wsK folloIt0 .( 0 ) where 0 The.ose hoK cto0 isofmaximizes 0 separators 0 ( ) h 0 Since 0 e vK ha( 0 ) K ( ) su�cesIthat wK sho( 0 ) = ( 0 ) -20K -( 0 ) = ( 0 ) of ( 0 ) algorithmthefrom m graph 0 when K they, K ( ) therefore andK 2,in m as that ( 0 ) = K ( 0 ) that assumeK ,00 K ( 0 ) ( 0 ) It.that wsK follo00 ( 00 ) where 0 00 of 0 us,The vK ha( 0 ) = ( 0 ) of. 5.2. I le tation etails treecliqueersionvisersioneenb�nding m edyin m and linesstructure,set for op.loourofthateawiththat,Afterthe hile in9{32theaddressthe hile aredatacorrectarethe hile op.lo5.2.1. Re al ra h tree cliqueT atains0 mainand tatio theofgraphs and 0 dated"\up31).18, InitiallyT 1,(lines0 osesG of hoiceT cappropriate0 anG 23[].) invidedtree cliqueT Thepro0 areas 0 indatedtheduringfor erformed pes vK remo from T 0 tree cliqueT nextthe0 obtainwhere 0 graph 0 0 ( K When 18).K (line the,\pruning" simplyK y bfrom computed isT treeclique0 reduced(i.e., T 0 T 0 f K g ). when er,K ev aislet willT eW0 tree.f K g -[ In ut T G and G ( K ) ; G ( K for )K K G ] [ Out ut tree cliqueT um-diameterminimm (K =G ; m ) G ] 01 T 0 T [ G ; 0 G ] 02 m ; 03 for K K o ation][initializ04 ( K ) G ( K ); ( K ) G ( K ) 05 ( K ) G ( K ); ( K ) G ( K ) 06 if ( K ) ( K = K then f K g 07 ( K ) 08 en for 09 hile K 3 o op]lo10 [main 11 for K o [build m sets ( ) , ] 12 if ( K = ( K ) o [include K in m ] Select 13f ; g h K = ( K ) 14 f g [include ts]paren15 of setif in K then f K g 16 ( ) ( ) f K g ( K ) of ] 17 ( K ) 18 T

0 T 0 f K g [ 0 0 ( K )] date ( and ( ) 20 en if 21 en for 22 23 for o the hile op]lo24 for K ( ) o of edgesT new[recordm ] 25 m m f ; g 26 en for 27 ( ) 28 ( ) ( ); ( ) ( ) 29 if ( ) ( = then f g 30 en for 0 ] 32 en hile 33 if K 2 o 34 m m f K;0 Kg where f K;0 Kg = K . 35 en if tree.-22of restructuringT appropriatethe0 erformingpand �rstyclique leafK the vingerationoptransform toK (needed restructuringand11eration, opT restructuringthis0 onf K g illustratedis5.3.T : K 1 2 3 T f K g : 1 2 3 of ransformationT T 5.3:to inT Figure f K g . 23[clique arbitraryK an tree cliqueT afrom0 h whicK in ,terestedin23[torequiredtortanused.is5.2.2. itwle the erationsopthe hile the hile inopthe ext the hile Asop.)the earlier,for stated lo�nding m inm in m 24{26.lines5.1,Figure18,12,-23ineration5.1.Figurediscus-furtherclique leafK a atesonlytheare ( and ( is19parameters ( K 0 and ( K 0 cliques allK for)0 K . ycardinalitset m of m appropriateanclique.t"onlytheclique 18) (lineK reductiongraph0 heacof ( K 0 or ( K 0 theduringthe ofor iteration hangedclique correctly5.2alues ( K 0 and ( K 0 (K )0 K hangingcof eliminationK the to. duero 1.t K ( ) a 0 = ( K ) . ( ) = ( ) r ( ) = ( ) c K K ( ) = f ; g . r . Assume ( ) = ( separator 0 ( ) h( = 0 of ofultisetgraph 0 = ( K y f g wsfollothat It 0 er 0 = assume K ( ) 2. 6, ( ) = ( since er,K ev= K f K g yb6, ( ) , ( = ( assumptionourthat to ( ) = ( Therefore ).K ( ) = f g that sK implie( ) = f ; g . assume ( ) = ( Since ( ) ( im-assumptionin i.e., ( ) ( Note).of 0 in thosepreciselyin are of alK v remoresult,aof from If K ( ) of alK vremofrom then , K ( ) 2.=in that oftains us thK and( ) = f ; g . tain m theandsets:wing1. follothethe ofor completion onset cliquesthegraph 0 as ets cliquesleafstep.jor2. mathisset ( ) ( ofm ecome bc il of in T m is, m -( ) ( h eacK for ( ) edge thef ,; g to m . the tofor in tryop, = 10)(lineand ( K ) = clique eryK ev K acessesclique pro opK lo or of K theintree cliqueT tcurren0 tains ( K date addingving remoK and 16, lineK In .of ( K ) mergedareto ( ) , eakingK sp oselyof hildren"K \c theof . and114.3).Figurehold ertieso t opcon�rmtothat readerthe1. toK and,2. sets ( ) ( setm of . .ro 2.c t t for s { r . , a ( K ) r r c K ( ) . r . acuouslyvanascompleted.isLet iteration 0 egins, bK iteration theof hosencand of orK b neigh13).(lineof ( ) taining conK , ( K ) , to ( ) inductionthein( ) thethatfor holdsK y ertose ( K ) e,e ( ) K since er,K v e( ) ( K of ,( ) of ( ) ybsets ( 0 ) , 0 f g ofnoneiteration. storededgessets and ( ) to m to m linesin24{26. -255.2.3. -Correct to e the um-minimcorrectly24{26iswnoploegins.bof 0 tained.main23[addition,Inh ( K ) = ( K or( K ) = ( K elongingbto cliques dates ( K and ( K clique hK eac aluesvtoneedthat iteration.hlist ositionpropset nexttheiteration. inro 3.t r t for s { r . , . r . let andK op, If .K , that ( K ) = ( K or ( K ) = ( K ybe vK ha assume wK No thethatexcluded algorithmK ws follofrom It m ecause ( K ) = ( K when )K consideredase vK ha . 5.3. Co le it de�ne := V , := E , := K G and := m 1 K that (RecallG . (E ;that and 12[applications inout23[]. tedointree cliqueT initial G in ( ybtoalgorithmgraph hordalG c underlying26[30,cliqueinputreecliqueaslesssystemlinear23[]). (seehandt 2,linesis ( ). the Considerfor 11{21 linesexclu i li es a -26that 2 m . theofis ( sets and ( ) is14{17in tconstanset listed23).15,sets ( ) 27),24,tconstanfromexcludedis ( ). the wfor no Consider24{26linesis with ( Since m eration,opis ( ). hangingcand18,19.and23[tousedThe.a isote ascend-in(Ifgraph.al-hofhildrenwithsharesin ( sortingandin ( theAshildrencof of orsK b neighin o wT tmost0 atecting, inspafterof tK paren theaidingof orsK b neigheration.opComputing time tT constana0 ecomesf K g arequiresof ( K timeorderis ( detailsThe23[]. infoundthat has ( ) esgivan ( algorithm.. arks um-minim-27intreeand ees 23[25,set G to in G harac-cin G aswthetedhasgraphcliquesleaftheseontree.cliquein ( addressedeofcomputationalgorithmdetailedthe oft noty23[structuredatathet.tlyOfareas.sparseparallelcalculatingforowareas.o15[sparseparalleldistributed-memoryely-parallelparallelhighly7[24,erfor-ptilunhordalcentakmin-the(andsteps an-tothatetheo-aalgorithmorderingdemonstratetoinresultsim-totialsubstan-2822[probabil-calculatingalueddiscrete-va,a ar o et or (E; aisdes noV with digrapharcs directedE ariables,fromenV tak V distributions r arc-structure.)acyclicdistributions andtimegraph thetograph undirectedG ondingert vG con toatoe�ciencyaddedof tationG represen treeandrdmanip-theEnglandd.9[10,the r of sectionscertaincandencetialsequenascliquesanfortogeousof toisdiameter.umos-ptarianhinemacum-minimCamerinigraph.5[ItNP-complete.a notmaximum or whetherequiv-(ortersectioninof graphG cliquetime.olynomialAc no le ts. enJohnedo,Eric suggestions.. e erences [1] acyclicofsystems. omput ac 1983.,[2] 30:479{513,semijoins. omput , -29[3] -separatorstheirComputerofennessee, 1988.ennessee,[4] Txville,graphs. ete at ,9:205{2121974. ,[5] prob-treeI. our al 1980.5:346{352,[6] ,graphs. at em i am ur ,25:71{761961. ,[7] J. symmetricsparseequations. s at o t e1983.,[8] 9:302{325,J. matrixsparsefactorization. no-�ll umer al 1983.3:37{40,[9] ,England. lique mo els e s thesis,PhD1989.ennessee,[10] TofincomputationstDepartmenennessee, 1991.ennessee,[11] Txville,hemes.omput ac 1983.,[12] 30:514{550,graphs. aci c at 1965.55,[13] 15:835{8,hordalcgraphs. the om i er 1974.16:47{56,[14] ,graph. l orit ms 1987.7,[15] 8:592{59,h-ec90{7, toci tatist omp ). [16] bic. l orit mic a er ct s Press,Academic1980.ork,[17] YNewmaximal�ndinggraphs. orm ett -30[18] -elimina-erfectparallel. orm ett 1989.31:61{68,[19] ,F. ort,repJUDE 1988.Denmark,[20] org,AalbH.G.M. osition.s omput 1982.239,[21] C-31:231{,E.S. thesis,s1989.ennessee,[22] Tofonprobabilitiessystems. o al tatist ser 1988.24,[23] 50:157{2,sparsereorderingfactorization. ci tat omput ,11731989. 10:1156{,[24] andtheoryorkY1990.Canada,[25] tario,Onotingpivgraphs. isc at 1989.2:100{107,[26] ,eyton. o ares stems 1986.,[27] yersitgeneralizations. l stem al our al 1957.1389{1401,[28] pages,eositiveditor, a omputi 1972.Press,[29] Academic183{217.arjan. ata et or l orit ms 1983.ia,[30] lphPhilideofyergraphs.omput 1984.79,[31] 13:566{5,alter. tatio ri i c cle s Stateyne-. otation mostfor-G (E ;) V={ (G graph, hordal cG A0 , and 0 ). T (K =G ; ) { (T tree clique, A T 0 , T m , T , T and ,T m ). K G { of cliquesG maximal The( K G , K G , K and ,K ). K ( ) { taining V ( K ( ) , K ( ) , K ( 0 ) and,K ( ) ). G { of treesG clique The( G , G , and ). { , and m ). { The multiset of separatorsT of ( and ). G { The multiset of separatorsG of ( G , G , and). ( K ) { The set clique inK included separators( ( K ) and ( K ) ). ( K ) { The set clique inK thoseamong( separators( K ) and ( K ) ). ( G ) { The set (( G ) and ( ) ). { of esT v lea( , , and ). G { of cliquesG leaf The( G , G , and ). m { cliques.( ) { es vK lea G h( K ) = f g ( ( ) , ( 0 ) , ( ) , ( 0 ) and ( 00 ) ). { erator.{ G of subgraphG the isy bV induced . { T f K g of alK v G from T restructuringwithwhen , K . ( K ) { in( K ) ( ( K ), G ( K ), ( K and ( K )). ( K ) { clique inK des no( ( K ), G ( K ), ( K and ( K )).